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On a Tracer Method for Evaluating 

Catalytic Data 
JAMES C. W. KUO and JAMES WE1 

Mobil Oil Corporation, Princeton, New Jersey 

This paper presents theoretical studies of a method of using a radioactive tracer technique 
to evaluate the kinetic data of heterogeneous catalytic reactions that are coupled with a 
Knudsen type of pore diffusion. By superimposing a transient radioactive tracer response over 
the steady state concentration profile in the catalyst particle, one can establish an implicit re- 
lation between the total amount of radioactive components diffused out of the particle and the 
kinetic data of the reaction system. This relation can then be used to evaluate kinetic data of 
the reaction system. A detailed study of general monomolecular complex systems is given. Use 
of the method for nonlinear systems is also included. 

In 1939 Thiele (1) pointed out that the performance of 
a simple catalytic reaction may be well described by a 
single dimensionless parameter. Now well known as the 
Thiele modulus, it is composed of the kinetic rate con- 
stant, effective diffusivity of the reactant in the pore of 
the catalyst, size of the catalyst particle (or size of the 
pore), and the external concentration of the reactant (for 
reactions other than first order). In recent years, this mod- 
ulus has been a major target of the intensive research to 
determine catalyst activity and the kinetics of the chemi- 
cal reaction system. To evaluate this modulus, it is neces- 
sary to determine both the kinetic rate constant and the 
effective diffusivity of the reactant in the ore of the 

pose ( 2  to 7) .  
Recently Brinkley and Peterson (8) proposed a new 

method for measuring the Thiele modulus of a first-order 
isothermal irreversible catalytic reaction. Basically, their 
idea was to add a small quantity of radioactively tagged 
molecules in the reactant stream, which is allowed to reach 
steady state in the catalytic particle. The tagged reactant 
stream is then suddenly replaced by a pure nonradioactive 
reactant stream without affecting the steady state profile 
of the total (radioactive plus nonradioactive) reactant in 
the particle. One may then collect the total effluent stream 
after the tagged reactant stream has been replaced by a 
nonradioactive reactant stream and measure the ratio of 

catalyst. There are many methods available P or this pur- 

the total amount of radioactive product to radioactive 
reactant in the collected sample. A functionaI relation 
between this ratio and the Thiele modulus i s  established 
upon theoretical grounds, and the Thiele modulus can 
then be evaluated. Brinkley and Peterson also proposed a 
set of experimental designs for a differential reactor and 
a sampling device. The advantage of using a differential 
reactor is that one does not have to worry about the axial 
diffusion in the bulk fluid, so an analysis for a single 
catalyst particle is sufficient for obtaining the functional 
relation. 

If one uses the technique for more complicated reaction 
systems other than the first-order irreversible reaction sys- 
tem, one can use product distribution as well as the iso- 
topic distribution as a double check. There are, however, 
some possible experimental difficulties. The generation of 
the step function at the particle boundary is difficult be- 
cause the radioactive materials in the boundary layer 
around the catalyst particle will not disappear right away. 
Furthermore, the method uses a transient effective diffusiv- 
ity, which may be different from a steady state effective 
diffusivity if the amount of adsorption on the active surface 
of the catalyst is extensive and the rate of desorption is 
slow. It may be that the steady state effective Musivity 
is more relevant to the Thiele modulus. The duration of 
the transience is likely to be short. For a y4 in. diameter 
sphere of D = 10-3 sq.cm./sec., 92% of the radioactive 
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materials would have left the sphere in 20 sec. Except for 
these limitations, the proposal of Brinkley and Peterson is 
an excellent one. Unfortunately, for a single first-order ir- 
reversible reaction in a catalyst pore of cylindrical shape, 
their mathematical treatment contains some unnecessary 
mathematical assumptions, and, consequently, their result 
is mathematically not exact. A comparison between their 
results and ours will be given later in this paper. 

In this paper, an exact mathematical treatment of the 
method is given for a general monomolecular complex re- 
action system. (A more general type of boundary condition 
is used.) The fundamental relation between the total 
amounts of each radioactive species in the effluent stream 
and the reaction-constant matrix may be expressed either 
in a vector or a matrix form. It should be noted that our 
present treatment is completely independent of Brinkley 
and Peterson's treatment and contains no mathematical 
approximation. 

The present treatment is also extended to include non- 
linear systems, which are illustrated by treating the prob- 
lem of a single nonisothermal reaction with general kinet- 
ics in a catalytic particle of a general shape. 

THE GENERAL MONOMOLECULAR REACTION SYSTEM 

Let us consider a single catalyst particle with closed 
region 0 as the interior of the particle and orientable and 
closed 2 = 21 +& as the surface of the particle. 

Then the steady state equation for an isothermal mono- 
molecular reaction system may be written in vector and 
matrix form as 

DV2 cs - Kc, = o r& (1) 
where c,(r) is the N dimensional steady state concentra- 
tion vector [c;), c:), . . ., c',N)IT, and D and K are the 
diffusion and reaction rate constant matrices. If the sur- 
f ace PI is nonexistent or inaccessible to mass transfer, the 
boundary conditions are 

D(n .V)c ,  = o re& ( l a )  

D(n*V)c ,  = -H(c,-Cc,) re& (1b)  
and 

(When PI is accessible to mass transfer, the analysis can 
only be done for the particle with symmetric geometry in 
which the mass transfer depends on a single scalar posi- 
tion variable, such as a hollow sphere.) Since D is in gen- 
eral nonsingular, Equation (l),  with conditions ( l a )  and 
( l b ) ,  may be converted to 

V c 8  - L-2 @cS - = o re0 (2) 

(n.V)c,  = o re& @a) 
and 

(n-V)c,  = - L-~NN,(c,- ce) re& (2b)  
where @ = L(D-l  K )  %, N N ~  = LD-1 H, and L is the 
characteristic length of the particle. We observe that the 
dimensionless matrix CP plays a similar role for a complex 

- 
c 

reaction system as the Thiele modulus does for a system 
of a single reaction. 

In the following analysis we assume that the mass trans- 
fer Nusselt numbers o,f all species are all equal; that is, 
N N u  = ",I, and therefore the boundary condition (2b )  
becomes 

(n.V)c,  = -- (cs-ce) re% ( 2 ~ )  

The solution of Equation (2) with conditions (2a) and 
(2c) may be given in the following form: 

"l8 

L 

~ s ( r )  = M(@, - r/L, N N ~ ) c ~  (3) 

where M(@, r/L, N N ~ )  satisfies the differential equation - 
V M  - L-2 @M c = 0 r& (4) 

( n . V ) M  = 0 re& (4a) 

with boundary conditions 

and 
N N U  

L ( n * V ) M  = - - (M - I) r d z  (4b)  

Let a be the radioactive tracer concentration vector cor- - 
responding to c, with the initial condition 

a! - = pc, t = 0, r& + P1 + xz (5a) 

where /L is the fraction of tagged molecules in the initial 
feed. The transient equation for - a is 

aa - = DV2a - -  - Kor 
- 

t > 0, re-n ( 5 )  at 

with boundary conditions 

( n * V ) z = o  t > O ,  re21 (5b )  
and 

(5c)  
(n.v)fr_= -- "U or t > 0, re& 

L -  
In addition to conditions (5a) ,  (5b),  and ( 5 c ) ,  we ex- 
pect that 

( 5 4  a + o  as t - c c , ,  r m + & + P z  

a(r, t ) d t  exists for all rea + 
- 

If we now assume that 

21 + Pz and let 
- 
m 

(6) g(r)  = z(r, t)ci,t 

we may integrate Equation ( 5 )  and conditions (5b )  and 
( 5 c )  with respect to t from t = 0 to t = Q? and obtain 

.f r d t =  - p c g = D V 2 @ - K @  r& ( 7 )  
aff 

O at - -  
(n -V)@ - = o re& ( 7@) 

and 

B 
"ti ( n * V ) g  = - - 
L -  ra tz  

In deriving Equation (7), we have assumed that im ' O W t  

= vzIm adt (see reference 9 for the conditions on a to 
make this manipulation legitimate). Equation (7) m6y 
be further converted to the following form: 

u 

- - 
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If we now multiply Equation (8) from the left by M and 
then integrate the resulting equation with respect to r over 
8, we obtain 

- pJnMD-1 MdV C, = JnMV'fidV - L-' SnMQ'PdV - - w  

= JnV. (MVj3)dV - Sn( VM) * (Vj3)dV - - 
- L-2@ JnMPdV - w 

= Sz1+zzM(n.V)BdS - - Jn(VM) * ( V B W  - 

(from the divergence theorem) (9) 

= Jz2M(n*V)BdS - Jn(VM)*(VB)dV - - 
- L-'@ JnMBdV 

w w 

[from boundary condition (7a)  ] 

The manipulations here are legitimate, since M is a func- 
tion of $ so that Q2M = Maz. If we multiply j3 by Equa- 
tion (4) and then integrate the resulting equation with 
respect to r over 8, we obtain 

- & - 

S z z ( M - - ) p  - J n ( V M ) * ( V P ) d V  
NNU 

L 
-- - 

- L P 2  Q2 JnMj3dv = o ( 10) - - 
after using the divergence theorem and conditions (4a )  
and (4b). After (7b) is used, this equation may further 
be converted to 

Jz2 ( M - 1) (n. V 1 fidS - $a ( VM) ( VB) dV - - 
- L-' @'JzM@ZV = o (11) - - 

Combining Equations (9) and ( ll), we finally obtain 

a = - DJz2 (n-V)BdS = pD Jn MD-I MdV ce (12) - 
where a = - J;Jz2D(5V)%dSdt is a vector whose ith 

element represents the total amount of the ith radioactive 
tracer component in the collected effluent sample. Since a 
is measurable, Equation (12) is an implicit function of 
LzD-'K and D-' and may be used to evaluate K if D is 
either known or measurable. 

A well-designed set of experiments will enable us to 
transform Equation (12) into a neater form; it is done by 
running N experiments with N independent c,, say cP) ( i  
= 1, 2, . . ., N )  (with other conditions remaining the 
same). For convenience, let us call the corresponding vec- 
tors at the left-hand side of Equation (12) a($) ( i  = 1, 
2, . . . , N )  . The total experimental result may be given as 

D 1 MD-1MdV C , = - A  

D 1 MD-1 MdV = -Ace-' 

where C e  = [c(l), . . ., cCN)] and A = [a"), . . . , a")]. 
Expression (13a) may be further simplified if we set the 
elements of c y )  to be zero except the ith one which equals 
c,; in other words, each experiment has a feed of pure 

1 

CL 
or (13a) 

1 
CL 

component i. The expression becomes 

1 

F e  
D M D - l M d V = - A  

For general monomolecular reaction systems, an explicit 
expression for the integral JnMD-' MdV is very difficult 
to give. In the following two sections we shall give some 
more explicit results for two simpler cases: a monomolec- 
ular reaction system with equal diffusivities, and a general 
two-component system. 

MONOMOLECULAR REACTION SYSTEM WITH EQUAL 
DlFFUSlVlTlES 

For a system with equal diffusivities, Equations (12) 
and (13b) may be simpliried to 

[M(L2D-'K, r /L ,  "u]2 dV c, = 

and 
1 

CLCe 
M 2 d V = - A  

There exists a matrix X (10) composed of the eigen- 
vectors of K such that X - X X  becomes a diagonal matrix 
with real non-negative diagonal elements. The same simi- 
larity transformation will transform M2 into its correspond- 
ing diagonal form because M is a function of K. Conse- 
quently, the integral JnM2dV may be performed by trans- 
forming M2 into its diagonal form, by integrating the diag- 
onal form, and finally by transforming the result back to its 
original system. To illustrate further analysis, we assume 
the particle has the geometry of a sphere with no 21. 
Let 

where 
its diagonal elements and 
N ) .  The steady state solution for a spherical particle is 

is a diagonal matrix with At, i = 1, 2, . . . , N as 
= 0, hi > 0 ( i  = 2, 3, . . ., 

where L is the radius of the sphere and r is the coordinate 
of the spherical geometry. Therefore 

X-'MX= [ h c o s h h +  - ( N N ~ - ~ )  
~inhA]-~=s inhA-  r (18) 

Note that since A1 = 0, the matrix cosh 4 + ( N N ~  - 
1) sinh -&is singular; however, it may be easily shown that 
the matrix [- cosh ,h + ( N N ,  - 1) sinh 41-l sinh 

r 
A -  does indeed exist by taking the limit as A1 + 0 and 
- L  
by using de l'Hospital's rule. A similar argument is applied 
to the following integral: 

H r - L  

P = -  x-1 M2dVX = Niu&-I 
2 n ~ 3  

[$ + ( N N ~  - 1) t a n h ~ l - ~  
( tanhb -& sech2 2) (19) 
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Combining Equations ( 15) and (19), we get 

N i U X & - '  [ h _ +  1) t anhhlw2 - 
(tanh A,-  h sech2 I h ] X - '  = ( 2nLSpce) A (20) - -  

which may be solved for ,h by certain iterative schemes. 
Note that when the boundary condition is of the Dirichlet 
type, N N ~  + w and Equation (20) reduces to 

The diagonal matrix is here equivalent to the Thiele 
modulus of a single reaction system. Consequently, it may 
be expected that when chemical reactions are sufficiently 
fast, when effective diffusivities are sufficiently small, or 
when the catalyst particle is sufficiently large, hi, i = 2, 
3, . . ., N ,  becomes large and Equations (20) and (21) 
may be written in asymptotic forms. Since tanh hi ,- 1.0 
and sech2 hi - 0.0 within 1% error for > 3.0, we have 

- 

and (22) 

(P)j = N i U  A z - l  (hi + N N ~  - for 

XiB3.0, i = 2 , 3  , . . . ,  N 

where (P)i = tth diagonal element of P, ( i  = 1, 2, . . . , 
N ) .  Therefore 

3 
P-' = N i :  h, [h, + ("u- 1) 11' + ~ E i l  (23) 

where Ell is a matrix with zero elements everywhere ex- 
cept in its first diagonal element, which is unity. After 
using Equations (23) , ( 15), and ( 19) we obtain for At > 
3.0 (i = 2, 3, . . ., N )  

However, it is known that X can be constructed in such 
a way that its first column is simply the equilibrium com- 
position vector of the reaction system, and the elements of 
the first row of X-' are all unity [see ( l o ) ] .  Therefore 

XEI1X-' = c*lT (25) 

where c* is the e uilibrium concentration vector of the 
reaction system an% 1 is the vector with unity elements. 
Since co may be accurately determined either experimen- 
tally or by the use of thermodynamical properties of the 
existing chemical species, we may assume it is known. 
Combining Equations (24) and (25), we obtain 

= 2nL3 FeA- '  - - c 0 l T  (26) 

which may be easily solved for Cp by some simple iterative 
processes. When we have a Dirichlet boundary condition, 
Equation (26) can be further simplified to 

2 

- 
3 
2 

Q = 2 n ~ 3  p C e ~ - ~  - - C * i ~  
I 

or (27) . ,  
D 
L2 2 

K = - (2nL3 ~ c ~ A - 1 -  

Therefore, K may be easily computed by measuring A. 

THE TWO-COMPONENT SYSTEM 

In this section we illustrate a method of evaluating the 
integral JnMD-lMdV with D # DI. For this purpose we 
assume the particle has the geometry of a slab with no 21 
(or we consider a system with a long cylindrical pore in 
a catalyst particle with negligible radial concentration 
gradient in the pore). The steady state is given as 

u 
.% 

cS = NNU cosh D - ( z  sinh + NNU cash Cp) ce - L  - w 

(28) 
where L is the half-thickness of the slab and x is the co- 
ordinate of the slab geometry with x = 0 as the center of 
the slab and x = L as the boundary of the slab. Therefore 

M = N N U  cosh @ (Csinh @ + N N U  cosh @) -1 (29) 

Now, there exists a matrix Y (11 ) composed of the eigen- 
vectors of D-'K such that Y-lD- lKY becomes a diagonal 
matrix with real non-negative diagonal elements. For sim- 
plicity, we let 

Then, obviously 

- L  - * 

& A = Y-'(DY & (30) 

X 
Y - l  MY = N N ~  cosh A-  (5 sinh A + NN,, cosh A ) - l  

For two-component systems, we may let 

- - - L  
(31) 

q1 = L (k;/DlP 
Ro = Dz/Di 

9 2  = L (ki/Dz)?'z 
R c  = Ce2/Ct?1 

and have 
41 - q p o  

L2D-lK= [ qa2 ] - qiR;' 

hl = o  A,= (q,2+ 4;)" 

By using Equations (31) and (32), it can easily be shown 
that 
fay-' MD-' MYdV = 

where S is the surface area of the boundary x = L N;:? [z + ( N N U . -  1) 11' 
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G = (ha + N N ~  ~ 0 t h  Xz) -' 
Therefore, by using Y and Y-' of Equation (32) and per- 
forming some tedious manipulations, we obtain 

where 

F1 = (q: + Ro 4:) ( 1  + RoRc) A&-' 
+ ( 9  ;-RORcq:) (BO- 1)NNu 

(35) 
FZ = 2q:qi (RO - 1) (1 + R0Rc)NNu 

+ (4;  - RoRc q;) (Ro q; + 4;) N i U  
(coth A2 + Xz csch2 A,) G 

We need only measure the ratio of the total amount of 
radioactive product to the total amount of radioactive re- 
actant in the effluent sample. This ratio is given as 

136) 

Since Ro may be estimated from the molecular weights 
of the reactant and the product (for Knudsen diffusivities) 
or by some other methods (for effective diffusivities), and 
since ki /k;  the equilibrium constant, may be estimated 
either experimentally or by using the thermodynamic 
properties of reactant and product, the right-hand side 
of Equation (36) is a functional of either q1 or 92. There- 
fore, by measuring the left-hand side of Equation (36),  
q1 or q z  may then be computed. 

uation (36) may be somewhat simplified for some 

R, = 0 etc. The simplest case is the one with N N ~  -+ 00, 

q z  = 0, Ro = 1, and R, = 0, which is the same system 
presented by Brinkley and Peterson (8). For this case, 
Equation (36) is reduced to 

- DZ Srz (n.V)Sz dS - 2q12F1- FZ 
- D1 Jr2 (n.V)t% dS 29," F1 + F2 

- f =  

simp E9 er cases, such as N N ~  -+ co or 9 2  = 0 or Ro = 1 or 

+ sech2 ql)-' - 1 (37a) 
41 

2 .o 

f 'li 1.0 

LEGEND: 

PRESENT RESULT I 
0.4 ---- ASYMPTOTIC SOLUTION 

FOR q, > 3 
BRINKLEY a PETERSON'S _-- 
RESULT 

I I I I I  
0 1  2 3 4  5 

91 
Fig. 1. Comparison of Brinkley and Peterson's 
result and the result from present analysis 
for NNu + co, qz = 0, Ro = 1, and R, = 0. 

The corresponding asymptotical form for 41 > 3.0 is 

f = 2q1- 1 ( 37b 1 
The corresponding functional given by Brinkley and 
Peterson is, in our notation 

Figure 1 shows a plot of those two f vs. 41. The two re- 
sults differ considerably, especially when q1 > 2.5. 

THE NONLINEAR SYSTEM 

The present analysis may be easily extended to non- 
linear systems, such as nonisothermal reactions and non- 
linear kinetics, etc. Nevertheless, it should be kept in mind 
that for nonlinear systems the steady state solution is, in 
general, not available analytically and must be evaluated 
numerically. 

In this section, we illustrate the analysis for a simple 
system of a single nonisothermal reaction of general 
kinetics in a catalytic particle of a general shape. If the 
single reaction contains N components, it may be easily 
shown that the concentrations of N - 1 components may 
be expressed in terms of the concentration of a key com- 
ponent, say c,. Consequently, the rate of change of cS 
caused by chemical reaction may be expressed as g(  T,, 
cs). Therefore, if D, is the effective diffusivity of the key 
component, the steady state equations are 

and 

The bounday conditions for c, are simply 

and 

The corresponding tracer component equation is 

D C V 2 c s + g ( T , , c , )  = O  rev (38) 

DT V2 T ,  + (AH)g(Ts, cs) = 0 rev (39) 

(n*V)c,  = 0 rcZl ( 3 8 ~ )  

D,(n-V)c, = - h, (c,- c,) rcZz (38b) 

aa a - = D, V 2 a  + g(Ts, c,) -, t > 0, rev (40) 
at cs 

with the initial condition 

a = p c ,  t=O r c Q + Z 1  + Z z  (40a) 

and boundary conditions 

(n*V)a  = 0 t > 0, rcPl (40b) 
and 

D, (n*V)a  = -hCa t > 0, refz (40c) 

By integrating Equation (40) and conditions (40b) and 
(40c) with respect to t from t = 0 to t = 00, we obtain 

(41) 
B - pcS = D, V2 ,6 + g ( T,, c,) - 

(n .V)@ = 0 r d ,  ( 4 1 ~ )  
and 

D, (n.V)B = -hcB ref (41b) 

where B = JTcUdt. Multiplying Equation (41) through by 
cs and then integrating the resulting equation with respect 
to r over Q, we get 

- p Ja ~t dV = - hc Jzz 0, j3dS - Dc $n (VG) * 

after using the divergence theorem and conditions ( 4 1 ~ )  
and (41b). Next, by multiplying through Equation (38) 

reQ 
cs 

(Vp)dV + g(Ts, cs) BdV 142) 
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and then integrating the resulting equation with respect to 
Lover a, we obtain 

- h h , $ ~ , P ( c , - c , ) d S - D c J n  ( o P ) * ( V c s ) d V  + Jng(Ts9 c s )  BdV = 0 (43) 
after usin the divergence theorem and conditions (38a) 
and (%by. Combining Equations (42) and (43), we 
finally have 

(44) 

where a JOw Jzzhc tvdSdt is the total amount of the radio- 
active tracer key component in the collected effluent sam- 
ple. The right-hand side of Equation (44) is measurable. 
Therefore, if the left-hand side of Equation (44) is a 
function of a single unknown parameter we wish to deter- 
mine, Equation (44) may be used to evaluate such a 
parameter. If there is more than one parameter to be de- 
termined, additional independent sets of experiments are 
required. 

NOTATION 

A 
Ai 
a, a‘i’ 

ce 
ce 

ce = external concentration vector 
ce,i 

c ( ~ )  
c’ = equilibrium concentration vector 
c, 
c, 
C ,  
D 
D 
D, 

Di 
DT 
Ell 

f 

= defined as [a(1), . . . . , a(N)] 
= chemical species i, (i = 1, 2, . . . , N )  

defined as -D J ~ , ( n - V ) p d S ,  (i = 1,2,  . . ., N )  
defined by C ,  = ceI, g.-mole/cc. 

= external concentration of the key component, g.- 
mole/cc. 

- 

= external concentration of At ( i  = 1, 2) ,  g.-mole/ 

= ce of the ith experiment, (i = 1, 2, . . . , N )  

= concentration of the key component, g.-mole/cc. 
= concentration vector at steady state 

defined as [c,(1), . . ., cecN)] 
defined by D = DI, sq.cm./sec. 

= diffusivity matrix, a diagonal matrix 
= effective diffusivity of the key component, sq.cm./ 

= effective diffusivity of At, ( i  = 1, 2) ,  sq.cm./sec. 
= thermal diffusivity of the particle, sq.cm./sec. 
= matrix with zero elements everywhere except in 

its first diagonal element, which is unity 
= ratio of the total amount of the radioactive tracer 

product to the total amount of the radioactive 
tracer reactant in the effluent sample 
defined in Equation (35), ( i  = 1, 2)  
defined as ( hZ + N N ~  coth hz) 

cc. 

sec. 

Fi 
G 
g (T,, c,) = rate of change of c, due to chemical reaction 
H = mass transfer coefficient matrix, a diagonal matrix 
h, = mass transfer coefficient of the key component, 

AH = heat of reaction per mole of the key component, 

I = identity matrix 
ki 

K 

cm./sec. 

(cc.) (“K.)/g.-mole 

= rate constant of the reaction A i  + Aj, (i, i = 1, 

= reaction rate matrix, defined as 
2, . . ., N ;  i # j ) ,  l/sec. 

1 . . . . . . . . . . . . . . . .  I 

L = characteristic length of the particle, cm. 

M defined by Equation ( 3 )  
n = outward normal of 2 
N = total number of chemical species 
N N u  defined by N N ~  = “,I 
N N u  = mass transfer Nusselt number matrix, defined as 

LD-IH 
o = zero vector 
0 = zero matrix 
P 
( P ) i  
41 
4 2  

RO defined as Dz/D1 
RC defined as ce2/ce1 
r 
r = position vector 
S 
t = time, sec. 
V 
X 

x 
Y 

1 
N 
P i  

j=1  

Greek letters 
a 

- a 
B 
I P = defmed as J;a(r, - t )d t  

p = fraction of the radioactive tracer component at 
steady state, 0 5 p I 1 

Xi  = diagonal elements of A, ( i  = 1, 2, . . . , N )  
A = diagonal form of cp 
2, S1, f ,  = surface of the particle 

% 
a 

defined as ( 2rL3) -1X-1$nM2dV X 

defined as L ( k : / D l )  % 

defined as L ( k t / D , )  y2 

= ith diagonal element of P ,  (i = 1,2, . . . , N )  

= coordinate of the spherical geometry, cm. 

= surface area of the particle, sq.cm. 

= volume of the particle, cc. 
= transformation matrix composed of the eigenvec- 

= coordinate of the slab geometry, cm. 
= transformation matrix composed of the eigenvec- 

tors of K 

tors of D-lK 
vector whose elements are all unity 

sum on i, i # i 

= radioactive tracer concentration of the key com- 

= radioactive tracer concentration vector 
ponent, g.-mole/cc. 

defined as J ; LY ( r, t )  dt, (g.-mole ) (sec. ) /cc. 

- - - 
defined as L (D-IK) % 

= interior region of the catalyst 
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